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1. Introduction and statement of the main result
In this paper, we are concerned with the regularity criterion for the following 3-dimensional magnetohydrodynamic
(MHD) equations:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
∂u
∂t
− u + (u · ∇)u − (B · ∇)B = −∇
(
p + |B
2|
2
)
,
∂B
∂t
− B + (u · ∇)B − (B · ∇)u = 0, on (x, t) ∈R3 × (0, T ),
divu = div B = 0,
u(x,0) = u0(x), B(x,0) = B0(x), x ∈R3
(1.1)
where u ∈R3 is the velocity ﬁeld, B ∈R3 is the magnetic ﬁeld, p(x, t) is a scalar pressure, and initial data u0(x) and B0(x)
satisfy divu0 = div B0 = 0 in the sense of distribution. Also p and |B|22 are called scalar pressure of the ﬂuids and magnetic
pressure, respectively.
The 3-dimensional magnetohydrodynamic (MHD) equations govern the dynamics of electrically conducting ﬂuids. Ex-
amples of such ﬂuids include plasmas, liquid metals, and salt water. MHD theory has the broad applications to the many
branches of the sciences, e.g., geophysics, astrophysics, and engineering problems.
In this paper, we are concentrated on the viscous and resistive MHD (see [2] and references therein for the study of the
ideal and non-resistive MHD).
Duvaut and Lions [4] showed the global existence of weak solutions with ﬁnite energy and local existence of the strong
solutions to (1.1). Also they showed the global existence of strong solutions to the 2-dimensional viscous and resistive MHD.
Also there are numerous important progresses on the fundamental issue of the regularity for the weak solution to (1.1).
Sermange and Temam [8] proved the regularity of the weak solutions on the assumptions that the solution (u, B) to (1.1)
belongs to the space L∞(0, T ; H1(R3)).
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of the interesting regularity criteria for (1.1) have been investigated by many authors. He and Xin [5] proved that (u, B) is
smooth if we impose the integrability condition only on the velocity vector ﬁeld u ∈ Lp(0, T ; Lq(R3)) with 2/p + 3/q  1
and q > 3. In [3], Cao and Wu obtained that if the directional derivative of u satisﬁes the integrability condition that
∂3u ∈ Lp(0, T ; Lq(R3)) with 3/p + 2/q  1 and q  3, then the solution (u, B) is smooth. Other important studies on the
regularity criterion can be found in [3,7,5] and references therein.
We remark that many of the regularity criteria for (1.1) are motivated by the similar regularity criteria for 3D Navier–
Stokes equations. But, in many cases, the proofs and results are not completely parallel because the structure of 3D MHD
is used. Especially, we have found the similarity and the difference between magnetohydrodynamics and Navier–Stokes
equations by studying the regularity criterion for (1.1).
Before stating the main result, we present the deﬁnition of the weak solution to (1.1).
Deﬁnition 1. A measurable vector pair (u, B) is called a weak solution to MHD equation (1.1), if (u, B) satisﬁes the following
properties:
(i) u ∈ L∞([0, T ); L2) ∩ L2([0, T ); H1), B ∈ L∞([0, T ); L2) ∩ L2([0, T ); H1).
(ii) (u, B) satisﬁes (1.1) in the sense of distribution; that is,
−
T∫
0
∫
R3
(
∂φ
∂t
+ (u · ∇)φ
)
u dxdt −
∫
R3
u0φ(x,0)dx =
T∫
0
∫
R3
(
uφ − (B · ∇)φ · B)dxdt,
−
T∫
0
∫
R3
(
∂φ
∂t
+ (u · ∇)φ
)
B dxdt −
∫
R3
B0φ(x,0)dx =
T∫
0
∫
R3
(
Bφ − (B · ∇)φ · u)dxdt
for all φ ∈ C∞0 (R3 × [0, T )) with divφ = 0, and
T∫
0
∫
R3
u · ∇ψ dxdt = 0,
T∫
0
∫
R3
B · ∇ψ dxdt = 0
for every ψ ∈ C∞0 (R3 × [0, T )).
We study some integrability condition that if some components of the weak solutions of (1.1) are satisfying that integra-
bility condition, then weak solutions are smooth.
We use the following notations for the simplicity. The planar components of (u, B) will be denoted by u˜ = (u1,u2) and
B˜ = (B1, B2) and ∇˜ will be used for ∇˜ = (∂1, ∂2). We also denote Lp,qx,t = Lq(0, T ; Lp(R3)).
Bae and Choe [1] proved that the planar component u˜ of the weak solution u to 3D Navier–Stokes equations satisﬁes
u˜ ∈ Lp,qx,t with 3p + 2q  1 and 3 < p ∞, then u remains smooth on (0, T ]. Motivated by [1], we obtained the regularity
criterion to 3D MHD by imposing the integrability condition only on the planar components of (u, B) in the following form.
Theorem 2. Assume that the initial velocity and magnetic ﬁelds u0 ∈ H1(R3) ∩ L3(R3), B0 ∈ H1(R3) ∩ L3(R3). If the planar compo-
nents (u˜, B˜) of weak solutions to (1.1) satisfy the following integrability condition:
u˜(x, t) ∈ Lp,qx,t , B˜(x, t) ∈ Ll,mx,t with
3
p
+ 2
q
 1, 3
l
+ 2
m
 1, 3< p, l∞,
then (u, B) remains smooth on (0, T ].
Remark 1. Taking into account the scaling for (1.1), ((uλ(x, t), Bλ(x, t)) = (λu(λx, λ2t), λB(λx, λ2t))), Lp,qx,t and Ll,mx,t with 3p +
2
q = 3l + 2m = 1 are scaling invariant function space. Thus, we obtained the regularity criterion in Theorem 2 coinciding with
the scaling.
Our next main result of this paper is another regularity criterion in terms of (u˜, B3). Especially, in Corollary 1, we can
see that the regularity criterion only of u˜ can be obtained.
Theorem 3. Assume that the initial velocity and magnetic ﬁeld satisfy u0 ∈ H1(R3) ∩ L3(R3), B0 ∈ H1(R3) ∩ L3(R3). If the planar
component of the velocity u˜ and the third component of the magnetic ﬁeld B3 of weak solutions to (1.1) satisfy the integrability
condition:
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3
p1
+ 2
q1
+ 3
p2
+ 2
q2
 2, 3
p1
+ 2
q1
 1, 3< p1 ∞,
then weak solution (u, B) remains smooth on (0, T ].
Because weak solution (u, B) of 3D MHD satisﬁes (u, B) ∈ L2,∞x,t ∩ L6,2x,t , we have B3 ∈ Lp2,q2x,t with 3p2 + 2q2 = 32 , 2 p2  6.
Thus, we can obtain the following corollary.
Corollary 1. Assume that the initial velocity and magnetic ﬁeld satisfy (u0, B0) ∈ H1(R3) ∩ L3(R3). If the planar component u˜ of the
velocity of weak solutions to (1.1) satisﬁes u˜ ∈ Lp1,q1x,t with 3p1 + 2q1  12 and 6 p1 ∞, then weak solution (u, B) remains smooth
on (0, T ].
In the next section, we present the proofs of Theorems 2 and 3. The proof of Theorem 2 is based on the a priori estimates
following the a priori estimates for the Navier–Stokes equations in [1]. For the proof of Theorem 3, we use again energy
estimates to obtain the estimates satisfying the assumptions of Theorem 2.
2. Proofs of theorems
Proof of Theorem 2. We provide only the a priori estimates. But all the calculations can be justiﬁed by using the standard
molliﬁcations. Multiplying −B on the both sides of the second equation of (1.1), using integration by parts and divergence
free condition, we obtain
1
2
d
dt
∫
R3
|∇B|2 dx+
∫
R3
|B|2 dx
−
3∑
k=1
∫
R3
(∂ku · ∇)B∂kB dx+
3∑
k=1
∫
R3
(∂kB · ∇)u∂kB dx+
3∑
k=1
∫
R3
(B · ∇)∂ku∂kB dx
= I1 + I2 + I3. (2.1)
First, we decompose I1 into three parts.
I1 = −
3∑
k=1
∫
R3
(∂ku · ∇)B∂kB dx
= −
3∑
k=1
∫
R3
(∂ku˜ · ∇˜)B∂kB dx−
3∑
k=1
∫
R3
∂ku3∂3 B˜∂k B˜ dx−
3∑
k=1
∫
R3
∂ku3∂3B3∂kB3 dx
= I11 + I12 + I13.
Integrating by parts and using the Hölder, Young inequalities and interpolation, we have (in the following,  is a small
number which will be chosen later)
I11 =
3∑
k=1
∫
R3
(u˜ · ∇˜)∂kB∂kB + (u˜ · ∇˜)B∂2k B dx C
∫
R3
|u˜|2|∇B|2 dx+ 
2
‖B‖2L2
 C
(∫
R3
|u˜|p dx
) 2
p
(∫
R3
|∇B| 2pp−2
) p−2
p
+ 
2
‖B‖2L2  C
(∫
R3
|u˜|p dx
) 2
p
‖∇B‖
2p−6
p
L2
‖B‖
6
p
L2
+ 
2
‖B‖2L2
 C‖u˜‖
2p
p−3
Lp ‖∇B‖2L2 + ‖B‖2L2 .
Using integration by parts, the Young and Hölder inequalities, we obtain the estimates of I12 similarly to I11
I12  C‖B˜‖
2l
l−3
Ll
(‖∇B‖2L2 + ‖∇u‖2L2)+ (‖B‖2L2 + ‖u‖2L2).
For the estimate of I33, we use the divergence free condition and integrating by parts similarly to the estimate of I11
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∫
R3
∂ku3(∇˜ · B˜)∂kB3 
∫
R3
∣∣∇2u∣∣|B˜||∇B|dx+ ∫
R3
|∇u||B˜|∣∣∇2B∣∣dx
 C‖B˜‖
2l
l−3
Ll
(‖∇B‖2L2 + ‖∇u‖2L2)+ (‖B‖2L2 + ‖u‖2L2).
Collecting all the estimates of I11, I12 and I13, we have
I1  C
(
‖u˜‖
2p
p−3
Lp + ‖B˜‖
2l
l−3
Ll
)(‖∇B‖2L2 + ‖∇u‖2L2)+ 3(‖B‖2L2 + ‖u‖2L2).
We decompose I2 into three parts similarly to I1:
I2 =
3∑
k=1
∫
R3
(∂k B˜ · ∇˜)u∂kB dx+
3∑
k=1
∫
R3
∂kB3∂3u˜∂k B˜ dx+
3∑
k=1
∫
R3
∂kB3∂3u3∂kB3 dx = I21 + I22 + I23.
I21, I22 and I23 can be estimated same as I11, I12 and I13, respectively. We have
I2  C
(
‖u˜‖
2p
p−3
Lp + ‖B˜‖
2l
l−3
Ll
)(‖∇B‖2L2 + ‖∇u‖2L2)+ 3(‖B‖2L2 + ‖u‖2L2).
Using integration by parts and divergence free condition, I3 can be written as follows:
I3 = −
3∑
k=1
∫
R3
(B · ∇)∂kB∂ku dx,
which will be eliminated with the below term J3.
Thus we have
1
2
d
dt
‖∇B‖2L2 + ‖B‖2L2  C
(
‖u˜‖
2p
p−3
Lp + ‖B˜‖
2l
l−3
Ll
)(‖∇B‖2L2 + ‖∇u‖2L2)+ 6(‖B‖2L2 + ‖u‖2L2)+ I3. (2.2)
Next, multiplying −u on the both sides of the ﬁrst equation of (1.1), and integrating on R3, we obtain
1
2
d
dt
∫
R3
|∇u|2 dx+
∫
R3
|u|2 dx
−
3∑
k=1
∫
R3
(∂ku · ∇)u∂ku dx+
3∑
k=1
∫
R3
(∂kB · ∇)B∂ku dx+
3∑
k=1
∫
R3
(B · ∇)∂kB∂ku dx
= J1 + J2 + J3. (2.3)
J1 and J2 can be estimated as same as I1 and I2. We have
J1  C‖u˜‖
2p
p−3
Lp ‖∇u‖2L2 + 3‖u‖2L2
and
J2  C
(
‖u˜‖
2p
p−3
Lp + ‖B˜‖
2l
l−3
Ll
)(‖∇B‖2L2 + ‖∇u‖2L2)+ 3(‖B‖2L2 + ‖u‖2L2).
We note that J3 = −I3. Hence we have
1
2
d
dt
‖∇u‖2L2 + ‖u‖2L2  C
(
‖u˜‖
2p
p−3
Lp + ‖B˜‖
2p
p−3
Lp
)(‖∇B‖2L2 + ‖∇u‖2L2)+ 6(‖B‖2L2 + ‖u‖2L2)+ J3. (2.4)
If we add (2.2) and (2.4), we have
1
2
d
dt
(‖∇u‖2L2 + ‖∇B‖2L2)+ (‖u‖2L2 + ‖B‖2L2)
 C
(
‖u˜‖
2p
p−3
Lp + ‖B˜‖
2p
p−3
Lp
)(‖∇B‖2L2 + ‖∇u‖2L2)+ 12(‖B‖2L2 + ‖u‖2L2). (2.5)
By choosing 0 <  < 124 , absorbing the last term in (2.5) to the left-hand side of (2.5) and using Gronwall’s inequality, it
follows that
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L2,∞x,t
+ ‖∇B‖2
L2,∞x,t
+ ‖u‖L2,2x,t + ‖B‖L2,2x,t  C
(‖u0‖2H1 + ‖B0‖2H1)exp
(
‖u˜‖
L
p, 2pp−3
x,t
+ ‖B˜‖
L
l, 2ll−3
x,t
)
.
Note that 3p + 22p
p−3
= 3l + 22l
l−3
= 1. From the assumptions that (u˜, B˜) ∈ Lp,qx,t × Ll,mx,t with 3p + 2q  1, 3l + 2m  1, 3 < p, l, we
have (u˜, B˜) ∈ Lp,
2p
p−3
x,t × L
l, 2ll−3
x,t . Then it satisﬁes the known regularity criterion, e.g. see [8]. This completes the proof. 
Next, we present the proof of Theorem 3. The proof of Theorem 3 depends on the regularity criterion in Theorem 2.
Proof of Theorem 3. By the previous theorem, if we can show that B˜ ∈ Lp,qx,t with 3p + 2q  1, then the solution remains
smooth on (0, T ] considering the assumptions on Theorem 3. Thus, we deal with the energy estimate of the second equation
in (1.1). Especially we consider the equation of the planar parts of the magnetic ﬁelds, i.e.,
∂ B˜
∂t
− B˜ + (u · ∇)B˜ − (B · ∇)u˜ = 0. (2.6)
Multiplying |B˜|B˜ on the both sides of (2.6) and using integration by parts, we obtain
1
3
d
dt
∫
R3
|B˜|3 +
∫
R3
∣∣∇|B˜| 32 ∣∣2 = ∫
R3
(B · ∇)u˜ B˜|B˜|dx =
∫
R3
(B · ∇)(B˜|B˜|)u˜ dx = I. (2.7)
We rewrite I as follows
|I|
∣∣∣∣
∫
R3
(B˜ · ∇˜)(B˜|B˜|)u˜ dx∣∣∣∣+
∣∣∣∣
∫
R3
(B3∂3)
(
B˜|B˜|)u˜ dx∣∣∣∣

∫
R3
∣∣∇|B˜| 32 ∣∣|B˜| 32 |u˜|dx+ ∫
R3
|B3|
∣∣∇|B˜| 32 ∣∣|B˜| 12 |u˜|dx = I1 + I2.
Using Hölder’s inequality, Young’s inequality and the interpolation inequality, I1 and I2 can be estimated as follows:
|I1|
∥∥∇|B˜| 32 ∥∥L2∥∥|B˜| 32 |u˜|∥∥L2  ∥∥∇|B˜| 32 ∥∥2L2 + C∥∥|B˜| 32 |u˜|∥∥2L2  ∥∥∇|B˜| 32 ∥∥2L2 + C∥∥|B˜| 32 ∥∥2
L
2p1
p1−2
‖u˜‖2Lp1
 
∥∥∇|B˜| 32 ∥∥2L2 + C‖u˜‖2Lp1∥∥|B˜| 32 ∥∥
2p1−6
p1
L2
∥∥∇|B˜| 32 ∥∥ 6p1
L2
 2
∥∥∇|B˜| 32 ∥∥2L2 + C‖u˜‖
2p1
p1−3
Lp1
∥∥|B˜| 32 ∥∥2L2
and
|I2|
∥∥∇|B˜| 32 ∥∥L2∥∥|B3||B˜| 12 |u˜|∥∥L2  ∥∥∇|B˜| 32 ∥∥2L2 + C∥∥|B3||B˜| 12 |u˜|∥∥2L2
 
∥∥∇|B˜| 32 ∥∥2L2 + C‖u˜‖2Lp1∥∥|B3||B˜| 12 ∥∥22p1p1−2  
∥∥∇|B˜| 32 ∥∥2L2 + C‖u˜‖2Lp1 ‖B3‖2
L
3p1
p1−3
‖B˜‖L3 .
To proceed further, we derive some Gronwall type inequality
1
3
d
dt
‖B˜‖3L3  C‖u˜‖
2p1
p1−3 ‖B˜‖3L3 + C‖u˜‖2Lp1 ‖B3‖2
L
3p1
p1−3
‖B˜‖L3 , (2.8)
i.e.,
‖B˜‖2L3
d
dt
‖B˜‖L3  C‖u˜‖
2p1
p1−3 ‖B˜‖3L3 + C‖u˜‖2Lp1 ‖B3‖2
L
3p1
p1−3
‖B˜‖L3 . (2.9)
Dividing ‖B˜‖L3 on the both sides of (2.9), then we have
1
2
d
dt
‖B˜‖2L3  C‖u˜‖
2p1
p1−3
Lp1 ‖B˜‖2L3 + C‖u˜‖2Lp1 ‖B3‖2
L
3p1
p1−3
.
Thus, using the Gronwall type inequality, then we have
‖B˜‖2
L3,∞x,t
 C
∥∥B˜(0)∥∥2L3 exp(C‖u˜‖
2p1
p1−3
L
p1,
2p1
p1−3
x,t
)
+
T∫
0
‖u˜‖2Lp1 ‖B3‖2
L
3p1
p1−3
dt exp
(
C‖u˜‖
2p1
p1−3
L
p1,
2p1
p1−3
x,t
)
and
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0
‖u˜‖2Lp1 ‖B3‖2
L
3p1
p1−3
dt 
( T∫
0
‖u˜‖q1Lp1 dt
) 2
q1
( T∫
0
‖B3‖
2q1
q1−2
L
3p1
p1−3
dt
) q1−2
q1
,
i.e., sup‖B˜‖2
L3
< ∞ if u˜ ∈ Lp1,q1x,t and B3 ∈ L
3p1
p1−3 ,
2q1
q1−2
x,t , and
3
p1
+ 2q1 +
3(p1−3)
3p1
+ 2(q1−2)2q1  2. Thus, if u˜ ∈ L
p1,q1
x,t ∩ L
p, 2pp−3
x,t and
B3 ∈ L
3p1
p1−3 ,
2q1
q1−2
x,t , then we have B˜ ∈ L3,∞x,t . Now we consider Eqs. (2.7), (2.8). We can rewriting the equations
sup
0tT
‖B˜‖3L3 +
T∫
0
∥∥∇|B˜| 32 ∥∥2L2(t)dt  C
T∫
0
∥∥u˜(t)∥∥ 2p1p1−3Lp1 dt + C
( T∫
0
‖u˜‖q1Lp1 dt
) 2
q1
( T∫
0
‖B3‖
2q1
q1−2
L
3p1
p1−3
dt
) q1−2
q1
.
Hence B˜ ∈ L p˜,q˜x,t where 3p˜ + 2q˜ = 1 with 3 p˜  9. This completes the proof. 
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